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I RN EHE functional programming )

#include <stdio.h>

/* function declaration */
int max(int numl, int num2);

int main () {

2& ﬁ 1"’ L_ él %n% ’P /* local variable definition */

int a = 100;
int b = 200;

: : int ret;
/* function returning the max between two numbers */ o
int max(int numl, int I‘lumZ) { /* calling a function to get max value */
ret = max(a, b);
/* local variable declaration */ printf( "Max value is : %d\n", ret );
int result; return 0;

}

/* function returning the max between two numbers */
int max(int numl, int num2) {

1f (numl > num2)

result = numl;
else | -, /* local variable declaration */
_ int 'result;
result = num2;

if (numl > num2)
result = numl;
else
result = num2;

return result;

return result;
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R ( first-class citizens )
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// Java program to demonstrate
// Andnyaiusiie e // Java 8 program to demonstrate
import java.util.Arrays; {/ & lambda ex?re881on
import San L import java.util.Arrays;
public claes cic import java.util.List;
public static void main(String[] args) publlc.class GFG {, ; :
public static void main(String[] args)

; {

Runnable r

(9

// Defining an anonymous method

Runnable r = new Runnable() { ,
: : —-> System.out.println(
public void run() " , ) 4
( Running 1n Runnable thread’);
System.out.println(
? : . 2 r.run();
Running i1n Runnable thread’);
}.} System.out.println(
; "Running in main thread");

Eerun)s
System.out.println( ;
"Running in main thread");



// Java program to demonstrate an
// external iterator
import java.util.Arrays;
import java.util.List;
public class GFG {
public static void main(String[] args)
{
List<Integer> numbers
= Arrays.asList (11, 22, 33, 44,
55,166, 77,;" 88
99, 100);

// External iterator, for Each loop
for (Integer n : numbers) {
System.out.print(n + " ");

// Java 8 program to demonstrate
// an internal iterator

import java.util.Arrays;
import java.util.List;

public class GFG {
public static void main(String[] args)
{
List<Integer> numbers
= Arrays.aslList(11, 22, 33, 44,
55, 66, 77, 88,
99, 100);

// Internal iterator
numbers.forEach (number
-> System.out.print(
number + " "));




// Java program to find the sum
// using declarative style of coding
import java.util.Arrays;
import java.util.List;
public class GFG {
public static void main(String[] args)

{

// Java program to find the sum
// using imperative style of coding
import java.util.Arrays;
import java.util.List;
public class GFG {
public static void main(String[] args)
{
List<Integer> numbers
= Arrays.asList (11, 22, 33, 44,
553,664 17, 88,
99, 100);

List<Integer> numbers
= Arrays.asList(11, 22, 33, 44,
55, 66, 77, 88,
99, 100);

System.out.println(

int result = 0;
numbers.stream()

for (Integer n : numbers) {

if (n 8 2 == 0) { .filter(number -> number % 2 == 0)
result += n * 2; .mapToInt(e -> e * 2)
.sum());

}
}

System.out.println(result);
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Lambda 28 ( Lambda Calculus)

o Lambda:8 & % HAlonzo Churchi
et bty - THRESG, JILHE
FZHE e nIMmFEIm .

o Lambda BB o3I N T k% W . %
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Lambda 88 & X

o Lambdo:B % % BN E T KoL,

D US‘)@, Meta lclnﬁmclﬁe’ Haskell )X: ‘s

OBRTHERAZREET RS FARBItmNT EHEYSN , ]AVA.  Pytren

D 3:: :2' .{2& ( Tvpe svs&em )
o 1 Hikfushpy « Scope and binding )

D %P{Tlili;‘( ( Higher-order functions )
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3 itk ( th&&x )

o FIRAG 8 F 0 i 0

i% \‘L ( SQM&V\& LES )

d AP BEFHEITITH




LMK EARERBBNFAE R ( Backus-Naur Form )

® ,N::= | (Ax. M) | (MN)
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OAMK FAEZERHINFE R ( Backus-Naur Form )

o MN:=x| Ux.M) | (MN)




int increment (int x) { 4
return x+1; (/Ix X =+ 1)

Bl

}



Lambda:E 8tk

d (M N ) : EP ﬁ Lambd&ﬂa Iﬂ (Lambda apptiaa&&om)

@ tt Qo -

int increment (int X)

{
return x+1;
} -> ((Ax.x+ 1)3)

A

increment(3);
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@-MBAx. MM T iz (Ix. M)
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o NI B (Ax . My esM) e K1 8 191 & 2 19 o
o Bp Ax . MN&% £Ax.(MN) . @* &(Ax. M)N

O HWAX . Ay . X—Yy=Ax.(Ay.X— )
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o MNPE%£(MN)P . m* e M(NP) .
o HWw(AXx . Ay.x—y)3 3 =((Ax.dy.x—y)5)3
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Af. Ax . f O)(Ax . x + 1)2

- ((Af. Ax . F X)(Ax . x + 1))2
= (Ax.(Ax. X'+ 1) x)2

— (Ax.x+ 1)2

— 3



|§1 Pt B 3k High-order functions )

o (f Ax.f o0 X+ TR



I Tkt TR  BE s )

#include <stdio.h>
#include <stdlib.h>
typedef int (*VAL) (void);

1int getNextRandomValue(void) {ret: rand();}
VAL myFun(){ '

return getNextRandomValue ;

}

int main()
{

printf ("myValue: %d\n",myFun());
}



% P el 3k

S Aflitn TR I

#include <stdio.h>

#include <stdlib.h> e

void myFun(int (*getNextValue)(v01d)){
printf("myValue: %d\n”, getNextValue());

}

1nt getNextRandomValue(void) {return rand();}

int main()

{
myFun (getNextRandomValue) ;

'
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% P el 3k

D 4 i G
o (Af.Ax. f(fx)UAy.y+ 1)5




= (Ax. v 1)+ 395
=J3+1+1=if



% P B 3k

(A Ax . f(f )DLy .y + 1)S
=Ux.Ay.y+ D((Ay.y+ 1)x))5
=Ux.Ay.y+ Dx+1))>5

= (Ax. v 1)+ 395
=J3+14+1=7



i & 1‘t(¢urrv)

31 %: LA TF %’ [« %'j :

@ AX. Ay.Xx—Yy

& 1nt f(int x, int y) {return x - y;}

o (% % £ ik
dREMmPHRAALATT £ 2 FM0wy )
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o ¥Alx,y).x—yERthix. Ay . x—y .
L ' O
D Qa I‘EI Q- 1t ( UMﬂurrj ) Haskell Brooles Curry

o BTt , B Ax . Ay. x —yERHAK, Y) . x—y



i ¥ 1‘t(¢urrv)

#include <stdio.h>

typedef int (*one var func) (int);

int minus int (int x, int y) {
return x-y;

}

one var func partial (int x) {
int g (int y) {
return x - y ;

Cannol define
~ functions here! o

}
}

int main (void) {
intia = 13
1nt ‘b= 2
printf ("%d\n', minus int (a, b));
printf ("%d\n", partial (a) (b));
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int add(int x

P3
|




A fehpE & 7

o Julth , £ - TARERY , Wjix . x+ y¥

O PR EAGHE ZHT T T (bound varaible ) 20 L R F ¥ .
ﬁ&ti?lﬁﬁg‘%ﬁ% E Iflg‘% (ﬂfreevaraibte) ’ ﬁ“lﬁii"\‘? tpthv

@ MAx . M¥ M# & H89BT 1K scope ) , W AR H ﬂ”*“”v :



A fehpE & 7

OHBTHEFANTRE . MFLT £ R

@twix . x+y FWFAZ.Z+ Y

oiRhlx.x+y=_,12.2+Y
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3 1 ﬂg ﬂF y 8 Ef'gg'up A [

d tetux . x + Y FEMIAX . X+ 2

int y = 10;
int z = 20;

int y = 10; int add(int x) { return x + z; }

int z = 20;

int add(int x) { return=:s t yve il , int y = 10;

o int z = 20;
| int add(int m) { returnm + y; }




o (Mx.x+y) X+ 1) - x FMB-1 Al J #oi o 10

ant x =103
int add(int x) {return x+y;}
add(x+1);
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WP — FM N:=x| (x.M) | (MN)

@My - hMY AT ER G, W

° fv(x) = {x}
o fv(Ax.M) = fv(M)\{x}
> fWMN) = fv(M) U fv(N)

@ tt Qo

o fr((Ax.x)x) = {x}

o fv((Ax.x+ y)x) = {x,y}
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o (Ax.M)N = M[N/x]
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pHLEY
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(Af - Ax.f (f )4y .y + 1)S
— Ux. (Ay.y+ D((Ay.y+ 1)x))5
— Ux. Ay.y+ D(x+1))>5

- Ux.x+ 1)+ 1)>5

- 51 +1 3
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o M[N/x] - Emuw gpdiifihn, TEKMALHIISLEMGEFERT X -

x[N/x] =N
VIN/x] =y
(M P)[N/x] = (M|N/x])(P[N/x]) _

(Ax . M)|IN/x] =Ax. M
(Ay.M)[N/x] =7
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o M[N/x] - #mu gpdgihihn, TERMAIHIIALEHGFERT L -
x|N/x] =
IN/x] =
(M P)|IN/x] = (M|[N/x])(P|N/x])
(Ax . M)[N/x] =Ax.M
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(Ax. M)N — M|N/x] )

M — M’

MN — M'N
N —-> N
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G MON = MINix] B

o(4f.f x)(4y.y) /- e
— (f D[4y . »)/f] G
— (,ly,y)x 4-

— y[x/y]

= X



(Ax.M)N — M[N/x] P
M —> M
MN — M'N
N - N
MN — MN’

M- M
= (Ax.x — V)[xky| v o e

= AZ. ((x — y)lz/x][x/y])
= Az. ((z = y)[x/y])

= AT R

o(Ay . Ax.x—y)x




(Ax. M)N — M[N/x] (p)

M- M
MN — M'N

o/x.(Ay.y + x 24 1

MN — MN’
M- M
Ax M = Ax. M’

i (Ay.y+ 1)x r
— (v + D)[x/y]

~ AXUE S | =x+1
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2 R ( Normal form )

o F-aA#h ( fredex) : (Ax. M)N#R &1l A%
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dAX . AY . X
o Ax . (Ay . x)(4Z.2)




xr B2 ¢, ~
L % (Church-Rosser theorem)

d'F 1% -

® A1 i LA LA 15 TINRE # 43
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Church-Rosser Fheorem 71 3\ 1t % 1k

oM —>* M"  BoRE%¥yH—  ZUWT
M-SOM sagrys M =M
Mok saesdM”. $28 M > M/AM >k - BIFE L

M=*M sefy3Ik, g8 M —->M



Church-Rosser Fheorem 71 3\ 1t % 1k

Church-Rosser theorem:

auiM—)*Ml—n-E_M_)*Mz,ap ﬁ‘ﬁ 'M’,’iiﬁ




Church-Rosser Eheorem 7 il BH

https://student.cs.uwaterloo.ca/~cs442/W22/extras/c-r-thm-proof.pdf
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[rth 2 £ H8 3049 &

o(Ax.x x)(AX.X X) o(lx.x x V)(Ix.x x V)

@ (Ax.f (x x))(Ax.f (x x))

— (4x.x x)(Ax.X X) — (Ax.xx yY)(Ax.x x y)y —>f((/1x J(xx)Ux.f (x x)))
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May fail to find normal form even i ik exists.
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dc.Ad. Ou v
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4

redex

leftwost, oubtmost

lefbmost, nermost
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. leftmost, oubtmost

e i.e«f&mc:-s&, tnermost
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@ EMF(Normal Order): S R A MAGRE . RO HTRYH .,




4 pug G

@ EMF(Normal Order): S R A MAGRE . RO HTRYH .,
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square(x) = x * x, IMEFKNIEITEsquare(1+2)

1. square (1+2) l. square (1+2) 1 square (1+2)

2. square (3) 2.(1+2)*(1+2) 2. Lk 2 = 112 1n z*z
3. 3*3 3 3F (1H2) 3. et 2. .= 3 1R 2*Z
4., 3*3 4. 3% 3 . 8%3

D ) e
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a ¥ 4 R 1A #4540

o True = Ax.Ay.x

° Fase = Ax.Ay.y



Church 4% ( Church eh&ad&hg )

o True = AX.Ay.x

® False = Ax. Ay .y

o 18 e #13% 1E

@ifbthenMelse N =2bMN

True M N = (Ax. Ay.x) M N

— (Ay.M)N

- M

False MN = (Ax. Ay.yM N
— (Ay.y)N

— N
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‘o Tie = /lx /ly X
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otk 1kt

. N
® Not = Ab.b False True

© Nott = Ab.Ax.Ay.byx
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o True .—_/lx Ay . X

B o [ = /1)6 i )«y .y

ol #1R1E

® And 2= Ab.Ab’. b b’ False

o or 21b.Ab'.b True b’
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O M BRI SHE X

o RREKIMKBT 1 =S50), 2=5S0)), ..., n=S%0)
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o ¥ 4 %8 E4Y
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Church 4% ( Church encoding )

o Church#(Church numeral)
o 0= Af. Ax.x
o | =Wt A% P
o D2 Af Ax:if(fx)

@ .us

O n= A Axi i

R curc BB pplicokion kBB SR
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60 /lf/lxx

b 01_:,1]?, AXT X

o 22 ) Ax.f(fx)

o1k 1 G

dInc2 in.if.Ax.f(nfx e, TS

D e

dInc’ 2 in. Af.lx.nf(fx)

s




Fo

GV\ é/lf Ax fn X




Church 4% ( Church encoding )

o o il x
e 12 ) ix.fx

e 3 Af x.f(FX

6 (3 W

@ Mult £ ? o g

B - nf x =W Ax. {0 x
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Church 4% ( Church encoding )

o o= lfdx x
e 120 Ixifx

e B 0f Ix.f(fx

D s

S A " x

@ Mult £ An.im. Af.Ax.n (m f) x

Mult n m = (An.Am . Af. Ax. n(mf)x)nm
> M. Ax.n(mf)x

—> A Ax.(m )" x

—> A Ax.(AX . " X)) x

—> M. Ax. (f") x

= Af Jx = = m*En
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o ‘True =idx. Ay .x

7 7:’- ﬁ 13' Y:} ( ?QE,,T‘S ) 9'7 2%6% 9 False = /1)6./1)/.)7

@ Pair2 lx. Ay . Af . fxy T .
ro(Pair M N) -* M

; _
o e
7y = Ap . p True 7,(Pair M N) —* N

o 1, = Ap.p False
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® Tuple = Ax;. Axy. ... Ax, A M| M,... M,
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® % [s P E ( Factorial ) #9  #} -

@ Fact(n) = if (n == 0) then 1 else n* Fact(n-1)
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oRMEEFF_Tidh , BPKRH 4 2% 2 fvillFact
TR HLombdoa BB F 4 RIS AETE . EGiHAY |

o LombdoaBE 2B % ¥k ( anonymously )
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@ Winc, Add. Mult. Not. And. Iszerog t‘t-" p TR '?1””’[1’(%
Hlombda EZRHGEMHIEE ., 5 KMTAMEEL T -1,

DR ELTERLEEE Crmacros ) » ETNEE R BTS2 kX
*ﬂmﬁ?mmbda £ XN .

@ M , ¥ F i% WrFact(n) = if (n == 0) then 1 else n* Fact(n-1)% N #
EHR , Efvdbracta it 2is , KNS 2 LInk L PR:R
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o2 ET . At 2Lambdai® 1% % % it R 7

UIHERE : Aoneo churcBEE AF6 ( BZIMABEZ ) , KMk
N Curry's paradox « [H B Church i ¥ 2 4% 89 i% it 3 IA ik Lambda 8 § R
iy Eas., M%7 |

S Gt BmGE . BT RBEIRIEL TR TR
A, KeRMEwl  BE L TR HEEBERE .
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oMAiItHMBEF - TR, Fact 4 2 ?

o Fact(n) = if (n == Q) then 1 else n* Fact(n-1)
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o whx 2 rdAHlHEIE

o #zx = (Ay.4/y)(x")
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o it , TN EPREMLHW T HR -

@ Fact(n) = if (n == 0) then 1 else n* Fact(n-1)

® Fact

» Fact = An.if (n == 0) then 1 else n* Fact(n-1)

(Af . An .if (n == 0) then 1 else n* f(n-1)) Fact
(Af.An . (Iszero n) 1 (n* f(n-1)) ) Fact



T zha. ( Fixpoint )

oxt ¥ - T Tzha , B fxYfx) =x
T RMMARRB RTINS

o flx) =x*x, A AT T zhd of

o fix)=x+1, HhI2F [ FE

o fx)=x, HAERFS %H T Fihd
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3 filambda BB ¥ , ftlambdlaThi B F £h &

o Fzha thg + « Fixpoint combinator ) & — T &P
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dH TG, (hf) #ffa-T  zha , Bhf=f(hf)
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dIUA=Ax.ly.y(xxy). MO =4 A

ditKMitH 1t Er, BOF=F O f)
Of=AAf=Ux.Ay.y(xxy)A]J
- Uy.yAAy)f
SfAAS
=7 (© f)



i 5 Fzhdhs

o Y = Af. (Ax.[ex)) AR f LX)

it HEHEEF, BY Ff=F(Y )

Y f= (4. Gx.f (x 0)Ax.f (x X)) f
= (x.f (x 0))(Ax . f (x X))

— f ((/I)C Jxx) (Ax.f (% )C)))
— (Y f)



T zh .

% ﬁ 11 'Af(x) = 1, Tiéli,‘(f?{ ﬁ *zha , m¥
e Blombda R ERAx . x+ 1B T zhA ?

OUx.x+]1)=AA Ux.x+1)
—>*Ax.x+1D) (O Ux.x+ 1))
-0 Ax.x+1)+ 1



T zh .

swRFRAZ MM e ERAn. A . Ax.f (n [ x)

O Un.Af . Ax.f (n [ x))
—* An A Ax.f (n fx))(O An. Af . Ax.f (n f x)))



18] &) P} 3 io) h

@ ZmIme a7 1t -

» Fact(n) = if (n == 0) then 1 else n* Fact(n-1)

@ Fact = (Af.An.(Iszero n) 1 (n* f(n-1)) ) Fact

@ I , Factz (Af.An.(Iszero n) 1 (n* f(n-1)) )#9 ¥ zh &
@ Fact = ® (Af.An.(Iszero n) 1 (n* f(n-1)) )









18 HEN T Bt Lawmbda B % , W LA AR #
“Lecture Notes on bhe Lambda Calculus”
bv Peter Selinger

ltt 9' ’ t’ EI LA 75. %http://worrydream.com/AIIigatorEggs/ ’
H R (g #8991 RNV Blambda caleulus



o B HREABHE L

® T ihd



Any questions 7



