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IRFEE (Partial Order Set, POSET)

o — MEFERP, 2 )E—TEESPH—T XA XA, y,z € PA:
- BB (Transitive) @ MR x<yHHy <z Bl4x <z
- RIFFRE (Anti-symmetric): MR x < yAHHy <x, #i4x =y
- BRM (Reflexive) :x <x




S 151-F

¢ RV={x|xC{d,dyds}}, <=C, ENBUTENRFE (BIHERR)

{dla dza d3}

1dy, ds}

1y}

XBIARIAT"EE" (Covers) kA:
A—LUTERNFETER, AHRERRE x<y2((x<yand ~(Jz.x <zand z < y)
Bl<RRAX'EFE'N_TXR, FREEEHENXA




F5 (upperbound) FIT5+ (lower bound)

o LE—NMREFE(W, <), @EVHN—TFES C V. &18u € VESH—1T LR,
HARYVY € Sx <u EE WRBESA! B, BITE € VESH—T
B OHH{{EHVYxe S, [ <Lz

o |

XL



g/V\E5R (least upper bound) H¥lZz K F51 (greatest lower bound)

o —MEFESHERAFFRASHIR/NER (least upper bound, lub) FHE LR
(tight upper bound) & L#ASR (supremum) SBEXSFEI—1SEY LR
# b1z R B KR (Vupper bound y of S, x < y)

> A AR AIUb(S), VvV SEFEsupS

o — MRFERSHI FFRAEFRNSHIERA TR (greatest lower bound, glb) Bt&EF
7 (tightlower bound) =& MR (infimum) S ENI{EI—1SEY FFREE
1Z FRB/ (Vlower bound y of S, vy < x)

- AJBARITAGIb(S), ASBE infS

FHRFEENFPRREE, EXLANEXHNERNIE (H{REETXEHEE "gap”, H#EFRaDedekind completeness)



g/V\ L5 (least upper bound) &z K F5 (greatest lower bound)

L 2\ 5

A 5T



g/V\E5R (least upper bound) H¥lZz K F51 (greatest lower bound)

e NRE—NMRRFRESEE— TE/NLRIub(S), HBi1z7cE=ETS, Ellub(S) € S,
MFRIUb(S) NEERAKIT (greatestelement) , IEAT (top element)

> ERIUbS)MRFAAME—! SUATEHR/NLFEX
> WTF—MEFEMS, lub(S)N—EFE, W FEIFIF

C d
NFsubset{c, dJTES, HEZ#IZE—T upper bound!
WA FHikleast upper bound”
XFsubset {a, bliig, EBEM Tupper bounds, 75lHc
#Md, {BEiZHleast upper bound, WA FERAIT T
a b



g/V\E5R (least upper bound) H¥lZz K F51 (greatest lower bound)

e NRE—NMRRFRESEE— TE/NLRIub(S), HBi1z7cE=ETS, Ellub(S) € S,
MFRIUb(S) NEERAKIT (greatestelement) , IEAT (top element)

> 2ARNUbS)WRFEEME—! SNAFE=NLFRIEX
- A/ EFR, BA—EB&HKIT, W NERIGIF

XFsubset{a, bIfIS, HEB—"Tupperbound, Hc, BlcEm/MLE5R, {E
EcE{a, b}R, Hlt{a, bliEBE&®AIT

Z—HF: MFXEARFE0, 1) mS, EEm/MLR, BxBEAT




g/V\ L5 (least upper bound) &z K F5 (greatest lower bound)

o XDt (XJ{EHr) , WR—NMREFEESEFE—TmA FNRglb(S), #FRIZTERRE
TS, Bllub(S) € S,MFRglb(S) nE&/]\Jt (leastelement) , 1C AL
(bottom element)

. B, glb(SMBEEEENE— TNREEBATRIEY
- WHF—MBFEMS, glb(S)F—EEHE
. BRATR, FA—EERNT




e ATt ( Maximal element)

> NF—TMRFESNSE, — 1 7tEm € S

AR TTHIR N IT

A It(maximal element) HB{YEHS

BlVs € S, W1ERm <s, BBAEs < m, IRAITTES1E HImax(S)

- 3E mAEE R REB AR, XEFEAIT (greatest element) AR[EHILHE)

o /17T (Minimal element)

RAFELER" KXK"Y,

5! ELEE AWM

> WF—MMBRRESTES, — 1 7tEm € SEWNR/NITt(minimal element) S HX HSHPAFELEE/)V'A],

BIVs € S, 21%Rs <m, B2AaEm < s, wET1cHmin(S)

- B, mASUNEERITTERER N,

XEHM =/t (least element) AN[EEYIHH)

7. AW ME—

Theorem. Any tinit e poset has at least a maximal/minimal element. (can by proved by induction on the size of poset)



% (Chain)

e fi& (Chain)

- — MRFERIR A1 S BNSEFIEEET TTREE I LALERAY (comparable) , BIEZ
— 1N ERE (total ordered set) gz [EF&E (linearly ordered set)

- PMBRYATEEEBIRT A A<X RER (x <y, HFy <x) RFL—FKHEME—T =M
X1 < X9 < X3 ... < XSE/‘J}_‘%_EJ

- —MRFEPHIEZTFECEPHN—TH, H(C, )XEE—1 8, PAIESMAERSKICH
Chn(P)

- —MEFEPHIRCESAN (maximal) , B REEPHEMEEC HREC C C
- —AMBFENBE (height) MERXMEFERRENE (S maximal chain B SKEHR

) FREBRTEAN (BNE, cardinality)

Zorn's Lemma: 8 E—MMRFEP, HFfENE—XifE— 1 LR, BBAPEEEM—TAKIT(maximal element)

(Zorn's Lemma B8 F —TMRFESEMATNR D FE, EAREFIPEEER, Zorn's LemmaAmlil, EFMT1EFELIBAxiom of Choice)



% (Chain)




5% (Anti-Chain)

o 5% (Anti-Chain)

> — MRFEEPHFSRA, BEMAPHKREE (Anti-Chain, tBFRASpernerfk) =
BIXSNTFTAFNESERTITR, BIIE#ARIER.

— T PHIFRE RN — T PRI 3RS, 1CHANtI(P)

- —MRREPHRECER AN (maximal) , SEHNYEAFEPHWEM &L
C’ /r%EC C C

> — MREFENEE (width) MEX TMRFSEFRRIORENE (TR

HF—TERHPosets, E—T#M—TRESZSE—THENNITE!



3% (Anti-Chain)




— T HEN—TREZZSE 13

L[ERYITE !




IR

. — 1P POSETHIE AR EI? — N iEENEZE R4 H— 1 maximal chain/anti-chainBJ4%5l, Al A S
X EGIEITTETE, BERUPIEEREX T HFAIME R I<iE/ R BEE?







HEAT 2 i

* NIEX:

- AR —"Tposet PA] AKX At anti-chains, Ell
Janti-chains A}, Ay, ... A, with P =U_ A,, BBAEARPHEERZN!

- AA—BE T #HCRE:, RIS RRE, BAAKRCHAZEDERT
=1

> YIR—"Tposet PRI BAXI 3 s N chains, Ell
dchains C}, Gy, ... Cowith P=UL, C;, BBARAPHEEZRZ s

B, BIESHER, TUAERANREDREBE N TE

N

P
A

><\

)




HEAT 2 i

Dilworth, FulkersonF AR AWM T X1 4%1E, 1B
WISELEEN, RBAR

Theorem (Dilworth, 1950). A poset of Theorem (Mirsky’s Theorem, Dual Dilworth, 1971). A
width w can be partitioned into w chains > poset of height /2 can be partitioned into £ anti-chains

D. R. Fulkerson



R — LR

* ATEM " posets P, O:
> cardinal sum:
- P+Q:=PUQ,=Zpip)st, xZppy & x=Zpyorx=,y
> cardinal product:
- PXQ:=(PXQ, Zpyp) st, (%) Spyo (x,y) &= x=<px’andy =,
- PFEBAB Sn/Xic AP"



+ AINAERSITE (LLAHREL)

> X =T, <, AL V)R—TMREFEEWL, <), ERE T RilE—

1% (Lattice)

TEAN MR

(greatest lower bound, glb) fl—" 1 &/\ L5 (least upper bound, lub)
- BT lubMglbBIME—1%, ZioiRfE™V(join)fIA(meet)r] BUXMFEE X ¢

- aV b =lub(a, b)
- a A b = qglb(a, b)
- BE—1TIHEERERITEINEL (non-empty) #H

£FYAZNIERR)

AN

&/ \JTE

HAITTR (mAJT, T) FENF—TmxmEXE LT, x<T,

mx/)\JT,

1 <x

1) #—1
(PTAE T




TRHIFI-F

e 2V={x|xC{d.d)d}}, A=Nn, V=U)

e oM=K TER

» B AT |, (F1EFX{E(o
FIER

- 5/ \Jo L, (F1EX

gt T=1{d,,d,d;}
Szan: 1L=1{)



2% (Semi-Lattice)

IBE—" T poset (P, <)

- FRAIFRP, <, V)IRI—THFHE (join semi-lattice, upper semi-lattice) ,3
Vx,y € P, x, yWs/ N ERZFE, Bllx v yERE

> BANFRP, <, A N—TRFER (meet semi-lattice, lower semi-lattice) ,3
Vx,y € P, x, WWEm X FRZFE, Blx A yFE



18

e Theorem 1.

Theorem 1 A join semi-lattice (P, <, V) satisfies: [ He1®: letm=(aVvb)Vc wehaveaVb=m,c=m.Therefore,
(avb)Vc=aVv(bVvc) Zi1#E(associativity) a<m,b<m,c <m.Further, a <m,(bVc)<m.As aresult,
aVb=bVa 12 (commutativity) aV (bVc) <X m.Similarly, we can have

(avb)Vc=<n, wheren=av(bVc)Atlast, m=n
#: WbAXRM AR

1% F=2Ea < a, EFREM

a=aVa

X}
R

Gl
At

e Theorem 2.

Theorem 2 A meet semi-lattice (P, < , A ) satisfies: IS N W AW AN Il VNN = = 1)

~ A .
(aAnb)Ac=an(bAc) LEETHE(associativity) m<am=<b.m<c.

o ERUEEZRA

a=aANda

aAb=bAa FRIR{E(commutativity)
== [%(idempotence)




* B, (X, X)=lReEs

FREINFMENX

AF BB —THE

Theorem Let X be a set with function V: X X X — X satisfying:
(avb)Vc=aVv (bVvc) Zi1#E(associativity)

avVb=bva IRIR{FE(commutativity)
a=aVa &BHFH%(dempotence)

Let a < b = (aV b) =b.Then, (X, <,V )is ajoin semi-lattice

/1]

- ZiEE (Transitive) MR x < yHBy <z #2ax <z

- xVy=y,yVz=zB2LxVz=xvOV)=xVy)Vz=yVz=7(%4E)

\ 4
~

RITFRIE (Anti-symmetric): ARAMR x < yHHy <x, Boax =y
- XAYy=yyAx=x, BBAx=yAx=xAy=y (RX#)

A& (Reflexive) :x <x

b\ -

'v

- XV x=x(&F)



FREINFMENX

AF BB —THE

Theorem Let X be a set with function V: X X X — X satisfying:
(avb)Vc=aVv (bVvc) Zi1#E(associativity)

avVb=bva IRIR{FE(commutativity)
a=aVa &BHFH%(dempotence)

Let a < b = (aV b) =b.Then, (X, <,V )is ajoin semi-lattice

e HR, ViElub:
» AN av@vb)y=@va)vb=aVvb, BllBa=<avb EIEENEL<aVvb

» Ra<xand b <x. {18
avVx=x=bVx = (aVbVx)=x = (avb)vx)=x = (aVb)<x

- B LA =RP AN Valub




FREINFMENX

RFEBHNBZ—TBE

Theorem Let X be a set with function A: X X X — X satisfying:
(anb)Ac=aNn(bAc) LZER#E(associativity)

aAb=bAa FRIR{FE(commutativity)
a=aNa BHFH(idempotence)

leta <b 2 (aAb) =a.Then, (X, <, A)isameet semi-lattice

* UFAHZRI



TREIMER

Theorem A lattice (P, <, V, A) satisfies:

(avb)Vec=aVv(bVve) ZEEE

(aANbD)ANc=aA(bAc)
avb=bVa HR1E(
aNb=bAa

a=aVvVa =M
a=aAda

associativity)

commutativity)

idempotence)

aAN(aVvb)=a [RX#FE(absorption)

bVv(anb)=0>b

o MRIAZRIIERA:

e a<aga<(avb)= ad—"1aflavVv bBITH.

e Sx<aandx=<aVb.B1BxEafaVv bl TR E%Ax <a AL, aZm=/NTFHR, Blan(avb)=a

* aAb=<bb=<b=bZE—TaAbWIbRI LR, [EIHH

fdla A bFIbRY EFRERWAZREEDK,

A

kb v (aAb)=b



soErtg(Complete Lattice)
st %

Z1&LE _:-=-|JJ|71:,% (1%)

5, AAESFEERLSHITE

o« ZEH(X, < )2—MERE, NFE/P?SE, ME— B ERABATS, Hl
VS C X, dlub(S) € Xand dglb($) € X

- Efn b, WF—MeFEX, <)ME, lub(S)Hglb(S) ABFHE—TEIZTES

Theorem let (X, <) be a poset satisfying VS C X, lub(S) € X. Then (X, <) is a complete lattice. Similarly, if a poset
(X, <) satisfies VS C X, glb(S) € X. Then (X, <) is a complete lattice.

MEBX, <) HBRVS C X, lub(S) € X. TABHIFF—14HA
EHFES, BAERATRIbESRETRMSR/NESE, Bl
glb(S) = lub{y |Vx e S.y <x}

Y={y|VxeS.y<x} @ elb)




soErtg(Complete Lattice)

Theorem a complete lattice (X, <) satisfies
1.1t has a least element L
2. It has a greatest element T

S8, ERX C X, B glb(X) € X, lub(X) € X, ENERBER/NTHNRATT




soErtg(Complete Lattice)

o JITEARNTENE:
- (EIIFEE RIS E ST &1
- WFAWE (ERRIAR/NLE)

- AR (X, <, VvV, A)IHBAscending Chain Condition (no infinite strictly
ascending sequence, a; < a, < a;...,where a; € X), #FBB—"T&/)\Jt L,
BAEME— T &R

- BB ERELRITENE, REE—Tw/\iw, AERHRELRLEAE, R
LEE ST — T s/ L5




FeF0%% (Product Lattice)

o XZMBAITER/RIIRIE, AZRFETHINE, Bl

> é/EI\fE*%(Pla 51 )9 (Pz, $2 )9 c ooy (P;/p ﬁn ): %B/A*(Pl’ 51 ) X (Pz, 52 ) X...X (Pn’ ﬁn )mi /I\*%

- HpEUEZ LA < e, e,,...,€, > ,where e, € P,

- <epey,...,e,>=<<ele,...,e,>HBXEHVe, e, e <, ¢

1> 71’

- < e,6,...,6, > N<€,65,...,6,>=<e Ne,e,Ney,...,e, ANe, >
- < e,6,...,, >V <e€,6,...,,>=<e Ve,eoVe,...,e Ve >
- RN ERIP,;, < #2—TTEE, BAP, <)X Py, X)) X...X (P, < ME2—TTEME
- ZieEA. JUEBRFItopTtERN: < T, T,,..., T, > FilbotztmZ A< L 1,1 2,..., L n>




R BR ST

o WFMRELRX, <4),(Y,<y), M5/ X > Y2—TERIFEME (monotone
map, alternatively, order-preserving) BVx,y € X.x <, vy = f(x) <, f(y)

Theorem For posets (X, <y ), (Y, <y ),letf: X — Y be monotone map. For § C X, assume V §,and V f(S) exist, then

Vf(S) =y fVS)

f Vx € S,x < lub(S) = Vy € (S),y < flub(S))

VAL EER R R R R )f(vS) = l/lb(f(S))
V f(5)




I LERRET

o MFRFEX, <y ), (Y, 2p)ME, f: X - YEEEH (continuous,
actually, upper-continuous, B#FR9Scott-continuous) , HHE1X
S HE{&¥Fleast upper bounds|® 51 (tB#Rlimit preserving), BIXFX
FEVERI—T8C C X, MR v CFE, A VAO=ZFEE, B
fIvC) =V AC). £3h, Ff T AE Xlower-continuous

Dana Stewart Scott

yisV {x, v}, f&) V) is V{f(x), (M}
Theorem If x < y, and fis continuous then f(y) = f(x) V f(v)

Theorem Continuous maps are monotonic = fx)Vy) = fx) <1y

Theorem Let poset (X, <y ) satisfies ascending chain condition(ACC), let (¥, <y ) be

a poset. Letf : X — Y be a monotone function. Then, fis continuous.




Theorem Any composition of monotone function is monotone:
Given posets (X, <y ), (Y, 2y ).(Z, =X, ), letf: X = Y, g : Y = Zboth be monotone,thenh=gef: X > Z
IS monotone.

Theorem Any composition of continuous function is monotone:
Given posets (X, <y ), (Y, 2y ).(Z, =2, ), letf: X = Y,g : Y - Zboth be continuous,thenh =geof: X - Z
Is continuous.




A sh s (fixed point)

\\\b

AEXA—TERE, —THIE X - XWASKREIAXH—1TERx, F/RYf(x) =x
o SRRELE(X, <) LEHW—IRE
- fp(f) £ {x]fx) = x}
- prefp(f) = {x] fix) < x)
- postfp(f) = {x|x < fix))
- |least fixed point Ifp(p) = min(fp(f))
- greatest fixed point gfp = max(fp(f))

-fp(f) = prefp(f) N postfp(f)



NETF- IS BT B I8 (Knaster-Tarski fixed point theorem)

Theorem A monotonic map f: X — X on a complete lattice (X, <, T, L,A,V)

has a least fixed point and a greatest fixed point, which are:

1.Up(f) = Aprefp(f) = A {x]|f(x) < x}
2.gfp(f) = Vpostfp(f) =V {x|x L f(x)}

3. Moreover, the fixed points form a complete lattice

Bronistaw Knaster

e WEAR: 1. < prefp(f) NFTEMNprefixed points , SpAprefp(Rglb, Blp = A prefp(f). BEEXHATXEZEIE, phATFE. FEHA]
SEUEREpthEIRf 2 —1 a) least prefixed pointfll b) least fixed point
> a) N R prefixed point XM &:
- Bfl)Bp <x, ELf(p) = fx) (fRRIER)
Tx&—"prefixed point, ALL(x) <x, BELf(p) < f(x) <x = flp) =«
- 2k, f(p)@prefp(HN—1TTFR. BFpaprefp(HNTmA TR, B11E f(p) < p, EREpARE Z— T prefixed point.

- Rk, pE—"Tprefixed point, i Eprefp(HBI—1TFFR, FA1E pleast prefixed point, B A (prefp(f))flEprefixed point5
i &R/ )\TT

/M




NETF- IS BT B I8 (Knaster-Tarski fixed point theorem)

.\.
agi™e
ATIAY
L
4 "‘4’,,-
."" :

1 "in R ;.

= ": N
=

(2 )

Bronistaw Knaster ' :Alfvred‘Tarski' |

Theorem A monotonic map f: X — X on a complete lattice (X, <, T, L,A,V)

has a least fixed point and a greatest fixed point, which are:

1.Up(f) = Aprefp(f) = A {x]|f(x) < x}
2.gfp(f) = Vpostfp(f) =V {x|x L f(x)}

3. Moreover, the fixed points form a complete lattice

e JERA: b) HAFp=2—"1 prefixed point.
- BAEf(p) < p. XfERIEN, &OE(f(p) < f(p)
- BHif(p)tE—"Tprefixed point. HFpZAS & ZEprefixed pointshY N5, Fi18p < f(p)
- Zltt, BA1Bp < f(p), f(p) < p, AltposettimEE M, Bf1Bp =f(p)
- HLt, pR— 1T eI=
- B3XEE, FIBENAhaAEHiZprefixed points. Mp X &FTH prefixed pointsfI ™5, FiApEE I m TR
- Z2liit, pRlER/NITEIR




= NETAF- IS BT B I (Knaster-Tarski fixed point theorem)

N
.
-
,.'.\’
i
%
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3% . e
SR - Ty
Avi ¥

Bronistaw Knaster Alfred Tarski N

Theorem A monotonic map f: X — X on a complete lattice (X, <, T, L,A,V)
has a least fixed point and a greatest fixed point, which are:

1.Up(f) = Aprefp(f) = A {x]|f(x) < x}
2.gfp(f) = Vpostfp(f) =V {x|x L f(x)}

3. Moreover, the fixed points form a complete lattice

o UFAR: 2AVUEAAFI1R (X&) , ZEUEEHS



NETF- IS BT B I8 (Knaster-Tarski fixed point theorem)

Theorem A monotonic map f: X — X on a complete lattice (X, <, T, L,A,V)
has a least fixed point and a greatest fixed point, which are:

1.Up(f) = Aprefp(f) = A {x]|f(x) < x}
2.gfp(f) = Vpostfp(f) =V {x|x L f(x)}

3. Moreover, the fixed points form a complete lattice i / A

Bronistaw Knaster ' :Alfvred‘Tarski' ._
XA, WRBAIEIERELRZFE—"T MEFR(glb)Hi A A

o UEER: 3. @ WAfixed pointstI— 1 F&, A IKUEBAEFE—1 _LiA5R(lub)fEfixed points§
UEBRfixed pointsfdpl ¥ — M5B & 1B.

- %q = lub(W) (EB: XEMXHNBES, g€ X), W={wlq=<w).Bl18q € W,q=glb(W)

- WEA— I R&BIFE, B—ubflglb. Hfi1Hg = glb(W),q € W, Bliitglb(W) € W.#—%, HFq e W,q < lub(W). BIiRIEWIIEX,
lub(W) € W. B Fglb(W) € W, lub(W) e W, WEHAE—15EH (any subset has lub and glb in it)

- AWERERZIWE B SFWHREETEw, IIWKEETEY, B1Bw <q,q <x, BALLEMBIBME, fw) < f(9) < fx)
- WAHfixed pointsBI—15ES, ELbfw) = w, BREw < f(x). BwBIEEM, lub(W) < f(x). BE g = lub(W), Bl1Bq < f(x)
- RIEBWHEN, f)e W

BEF PRAS, 22— R&BWEN— Ml EAS25EN). Btt, BEEWLEEE— "8/ FI8g (aka.f(§ =g .BF¢RWLENSENT, &K
1Bqg < g. AL, WRFE{IMfixed pointsEETHKE, gl WHN—1 LiER

Al

/M




NETF- IS Br B 38 (Knaster-Tarski fixed point theorem)
E N — T ER

Set of prefixed points

......................... Greatest fixed point

= greatest postfixed point
= lub of postfixed points
Complete Lattice of fixed points

Least fixed point
= |least prefixed point

o o ©
o o ©
o o ©
......
o ©
° ©
o ©
o ©
o ©

= glb of prefixed points
Set of postfixed points

\

complete lattice



2REA AR EIE(Kleene's fixed point theorem)

e Knaster-Tarski's theoremizibH I IfpflgfplYZ7E (A, tWEREHENMAE " ¥
&, BEAB2HER)  FkEAMRKERENSEL 7 —MirE (& A{LOT g
8, TEcontinousMtBANwENBER ) HpFgfp.

V

By induction.
Theorem Let a monotonic map f : X — X on a complete lattice And the base case

(X, <, T,L,A,V).Thenf*( L)< f*!( L) forall ordinals a. That is, L < f( L) always holds | S .

L<AL)Y<F(L)...fiCL)isachain

Stephen Kleene
Theorem (Kleene) Let a continuous map f : X — X on a complete lattice

X, <, T,L,A,V).Then Vv {fi( 1 )|n € N} is the least fixed point of f.

ifp(f) = Vyen f/(L)
e \We first prove that lfp(f) s a leGdJC)OIﬂt

s e T S ; : 5 S
5l AN 3; 'iif ti,"!’r ~=.»,{ < GG e s e > A
f’. 151- l=' Y e '\ ”u:ﬁ' L F oy g e 3 T I e %
_ ‘,., = B o ‘;_"’,'.,. "v ‘,‘ :-:' a-;é-' g @ﬂ» %;? fr.-'! ool » 5

d .?'r 2 C ,' = 1 & -‘% SR N
’:‘ i' “ ‘,,(A 53 ,Qs,i - 3 - A "
'f:: o o PEe AR /2 ol ik 3 =%

: mz& TR } a,:w ‘7»"-:. ‘“' f ) A

i ’.-?‘;"—'4 P A e S ; NS o NS s 7 A
i e S ars Rt *L‘a.- >

R = OV anf i L)) 2V, ALY = v = Iip(f)




REA AN R EIE(Kleene's fixed point theorem

Theorem (Kleene) Let a continuous map f : X — X on a complete lattice
X, <, T,L1L,A,V).Then Vv {f’( 1 )|n € N} is the least fixed point of 1.

ifp(f) = V,en fl( 1)

e \We then prove that l[fp(f) is the least:
» We only need to prove Vx e X.f(x) <x = Ifp(f) <x

- Since any fixed point is a prefixed point. Stephen Kleene

» We then only need to prove Vi € N.f/( L) < x, then we get x is ub of this chain (also refer
to Kleene chain)

» Induction: fA(L)=1<x

» Assume f( L ) < x, then

L) =L)< S < x




REA AN R EIE(Kleene's fixed point theorem

Theorem (Kleene) Let a continuous map f : X — X on a complete lattice
X, <,T,L,A,V).Then V {f( L)|n € N} is the least fixed point of .

> P

ifp(f) = V,en ]a( 1)

o IRIEkleene N sIREIR, HIREMNLE &K, NETERS FrIA
EIMIAsIR, MBI AR

o tbAh, FATPI AN BIMSEI s A AR
- gfp(f) = Aien f1CT)
- BIMNTE &, AETERS M AR RIS A ol =
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[0 [pii -2 BUR PR 3 2T

Reaching Definitions Live Varaibles
Domain Sets of definitions Sets of variables
Forward: Backward:
Direction OUT[b] = f,(IN[b]) IN[b] = f,(OUT[b])
IN[b] = A OUT[pred(b)] OUT[b] = A IN[succ(b)]
Transfer function f(IN[b]) = Gen(b) u (IN[b] - Kill(b)) iL(OUT[b]) = Use(b) u (OUT[b] - Det(b))
Meet operation (A) U U

Boundary condition OUT[entry] = & IN[exit] = &
Initial interior points OUT[b] = & IN[b] = &




BB JEEIERHEZS (Monotone Dataflow Frameworks)

o —PH—IIEG

ﬁ

1977)3k

> L

LN, 9

o ZERZE—T

*?E?EU;}ZI% % < Na Ea n() > ’ N — nOa nla n29 o o e Aﬂb'?‘zlgi;%a EAI=II:'=‘Z|::I:;%Z|\E—.| E/‘J-I}?E%UEJZI“E@, nOAI=II: yllfl\:ll-jl-/le_\__l\

[ |

| =11

B O MHEZR, B Gary A. Kildall (POPL 1973)32E
R A FR AKildal 3R 7

EHRIEEINTE

7o (G, Z, F, D)

T /20
EX"S

meetiREAMjoiniR{EV, B—T&eE TH&RTTEL, BIL <,V,A, T, 1)

- 3=LOXL1XL2X , ,\I::lLif%

ETIEFrE., —Akms &
EIRRET I ARIZAL", BT T A

> FR—THRE=EE, VfeF,f: L— L
- FE—TEFRES, NTFrERY,

- 3=
> D T

==k

el, WIRf, L € F.BBALfiof, e F (XFEZ I blockRItransfer functionFi A IAE
5 [0), BiEAE /S

4 Jon B. Kam # Jeffery D. Ullman (Acta Info

R FETRRT R/n YR gERVRE (ERYEL) , LEXERAIIR, KT

TRNEZEZEEN, LLEEZF P TEENRNAE XA, &

=L

MNRBTEEE monotone (FIEIRIACC ASH L2

continuous) , BRABA ISR T !

#Bf(x) =x (BHFXN=block)

=)

IEE



E X PRI

A

> NTFREFFET?

LARER . LgdefinitionsBY B IAE

/M

&, BN2PY | T = allthe varaibles, L ={}, A=n,
V=U, <=C

- BRKRIE R EH R/RIAL" = 2P95 x 2Dsx 2Pk

YNFERRMESS: L — L, f(x) = Gen U (x — Kill)

- x12x, = GenU (x; —Kill) £ Gen U (x, — Kill)

- Alternatively (FMHIFRIAR) , Gen U (x; Ux, — Kill) < Gen U (x; — KiII)U Gen U (x, — Kill)
S—HHE, NTFEGHRBBIUEL

& —Mfunction: LXL — L, (x;,%) < (x{,x)) = x;Ux, < x{UX,

A, XTMEZEEFHE NMunctionB#l 2R IFN (BT AERKE, FELthEEZER)
Hao D = forward




{5l
* EX PR
- BRI E— 1 TEEL"
- FIENERIRREN . EalAREA R LN ERFESN—TARAGIE:
- B—1f:L-> L, #S2RETHRA—Tx, B\o—T1x

T =1{a,b,c}

A N
Defs = {a, b, c} yDefs # {a,b} {b,c} {a,c}
' BN

: {a} {b} {c}
IN[3] ~~ 1 -

L=

IN[1]

OUT[1]
IN[2

f3 maps lattice of IN[3] to lattice of OUT[3]

OUTI[2] T =1{a,b,c}

- PR
D Defs # {a,b) (b, c} {a,c)
BN

aj b} i}
The merge can beregarded as f: LXL — L ~~ 1 -

=1}

RORILUEESRASE R RS —, BULMENREEES : L" - L, MEFNMRANERNEXTUERRXERBNESS £/ of ..., HibfAtiEmonotonell



5l-F

X H :

- B TEENZE: TBREFBAZTA, 85T AaFNpath, 2 ZDE, BAUSEIRIR TXTHEIEE
BHFEENE

- AENFEXRTESGNARSTE, FHEADR: BI—ENENER!
> AR LENBHATZR
- =%, BEXBENZER/I)VERAIIAEIR

> AIURIEANBRZBBHATZRN (BRAE) , BEEEFNN (2ZKA) , BERE/&IFAZINTEE
UERR AT I P 2R 1T

> LB FERHIRME, 8RR ENTEANTUWANE (BxT4H) , BEEXERRITITEZERFMIE
BEH, #H BrXERBITITRERER = BRXENTEAZT ((BERZAAR), XESLMEATZBIRNFIE
AR T — e/ g




5l-F

e WENMFIAME, EXAANEZSH (FIFANMT =¥ detect undefined varaibles
use) , BlZE (MWrgENE) , EXH/DEEHR, BEfLE (AIgEFNE)

IN[1]

(T,T,T,.... TYRAE, BxTakk

(L,1,L1,....1) =xREA (%B8fR) , EmFAIEENELE

OUTI[1]

IN[2 IN[3]
Hitt, SFXNEE, HiIEEHIE TS Ifp! K
OUT(2] OUTL3] B, MEASHER (least! )

Elitb, A ERMNEN—TTEWL", LRTARNAGES (FREEARAtransfer function, pathBImerge functionfIET) BISs/IAH
R BTFL"SERIR, /RRENBEEEZN, FEIREKleene M) REEUABEKRHK/NADIR!




RIENERE

e KleeneNsREEN—TEMELIMEMNTER (apply BT 2R
- ARARBEEER Z AT getx Bl s/ N R E?

- HEXMEZ&RBL"NEE (AN EREEETER LM —/X<a91T
. BKleene chain_EHIFZTH)

- BEB ML T EANLE?

- worklistE /AR F] BRIESIBRIKFIEIRATIAN (HABE RRISIREREHA
SEA T T RBEER)




B—1THF: E=1EHE(Constant Propagation)

e FEEE: BRAEXNFEBWMET IRKEEHNETRE= (evaluated to be
some constant) NRIAXANBRNX T E=

- B IR, rIBUBM BT KEEEZRIAT (8]

o 1B18f: Undef ....,-2,-1,0,1, 2, ..., NAC
> NAC: Not A Constant, XTF—1TZT=FZMEEX R, HUAEETRE=
> Undef : undefined, F—1TZT=MEXBEX




B—"15l+F: E={EH#E(Constant Propagation)

o REANERRILRSMERRNEN, EREEEFNEXNT

/NIRE

— I REEZ T EELABSEENE, MaEXT
BE, QUME—1TrIERERITARNES

% // MREFREBEREEARAENX, RBEXTEKEEL, XTET=/E
X y XVy is not interesting, BIEAILANEEMEEASWER. B4
cl c2 NAC. . cli=c/ MRFBI—TEBRLEEX NE=, NFMMLmME, KBHEIx
o c2 el el —c? N T EETEN.
undef C C

TR TEREXMIER (use before define) R LEE—
undef | undef | undef I

AEXATH, FlRE=BRE. BIENE=LENAMm

undef | NAC = NAC = RENINRENTHAE. M, HEUESE, —i
NAC c NAC MICFENRNEZRLUBEBRARENXITH!

>
ek e b AEEA KR FRE— S (GES I AAEE
NAC | NAC | NAC Y) , BALRE—EFE— 1 EE




=6+ EEEHE

¢ RAVAET —MITHIS

ARV EDE: KER2

- RIAMEETLDS, [BREACC, BIEFRE MFEE, HULtEE LR IFRETEcontinuous
A9, B]ABkleeneBiEITE AT S

- IES, XEE T,1, IMLEACC, HIBE—TTER!




B ={EH (Constant Propagation)

e NEFE—TEENENRNINED: z=x+y, HFRZBEREN

X y 5
c NAC NAC
c2 cl +c2 A
undet undef
undef NAC undef
c2 undef
undef undef
Na® undef undef i
NAC :
=] I:—‘—|\
OUTIA] = {x = 2,y =3}, OUT[B] ={x = 3,y =2}, B2 ws!
f(OUT[A])={z=5,x =2,y = 3]

A :
.C(Ou'_:B:)={Z=51X=3,y=2}
f (OUT[A] v OUTI[B] ) = {z = NAC, x = NAC, y = NAC]}

Path meet operator weakens the overall precise



B ={EH (Constant Propagation)

e NEFE—THEENENRNINED: z=x+y, HEEBEEN

X y ST T e
c NAC NAC
c2 cl +c2
undef undef
undef NAC undef
c2 undef
undef undef
NAC undef undef
NAC
S R T e T — P - T ANEE OGRS
OUT[A] = {x = 2,y =3}, OUT[B] = {x = 3,y =2}, LR E /Ammrgg/rﬂ;fﬁzqé;;égé XTMEERIRE
t (OUT[A])={z=5,x=2,y= 3]}

MRBAVEZRIZ"FTIEX T EF AT, ZTR/EEER
=R TE", BLEMBRIRIAE

A
t(OUT[B])={z=5x=3,y =2}
f (OUTIA] v OUTIB]) = {z = NAC, x = NAC, y = NAC]

! , f (OUT[A]) v f (OUT[B])

Path meet operator weakens the overall precise

={z =5, x =NAC, y = NAC}



SeRMNEIER D
o« EX: BES,....f, € F, HifRBiNEaMEREE
fo=f e fy ERpR—RREBLESN, ..., n B

. MREpR—REMRR, PO, RERN
o SEEMBIRRE
- HFEMES

- VL(T): pr—FMEFRFIREIERnERE, BN IRRBRESEME R ES

SRR E4S

i)

=T

At

=

If f(y) >=0 If f(y) is always non-negative then
right path never taken!

M, FXLE, REPFAE ATEENAITHEZEA A FIER!



%12 C R (Meet-Over-Paths, MOP) -

¢ Meet-Over-Paths(MOP)

> WFBITE R NThErEnNE1Zp, MOP(n) = V];i(init) |
- ABERREED, HIANGE—ZRRZ wor &
S BEE, BNELRZE K :

» MOP = Perfect-Solution V Solution-to-Unexecuted-Paths

Perfect ‘

- Perfect-Solution < MOP X B <RIAEIBLERIDIFH
» MOPEZ#M8LtTFPerfect-Solution—" T E IV N\H{EEREINZLZ SR N
{8, MOPAREREIHE, EANTLABELS SMpath (Loop) , EMRTERRRSE V1, (init
e 3118 PERFECT < MOP < LFP < FP, A GEFAIMOPHRIA

Unsafe ‘

T
JT
5




[ BHEZE (Distributive Framework)

o —MEZR(F,V,V)=2DHECHIAY, (X =
- Jxvy) =) v Ay)
- Bl A BImergeBapplylRE lHEFT ¥ Bapply®EY, Bmerge
- LEUIEXRIIA DT, BREZE=D

- B TEERE ZEFFEEFEM (VY (—ZEMBERBEWAN) , B[R LEEE(x) V Ay (BlEfhig
ABERRZR)

—RRIE T, fxvy) #fx0) VAY), X&E BE SR AR AEHENER
- EUREEDMRx<xVYy, y<xVy = f(x) fxVvy.f() L flxvy) = f(x) VY L flxVy)

m
5
D
=)
=l

|II11




BT ERRE

o NR—TEIBRDITEREL R, BAFEAERWEET, EMOP < LFP
o NR—NTHITFRDMIERZE D ECHY, BBAEAWSIET, MOP = LFP

> meet-early (fcRE, Bapply) = meet-late (Ftapply, BERE, EIMOP)
> EXIANERRE =N D TR a2 K

e MREBEE, BADES
- IBALFP # MOP

- BEEEIELR




M3 42%F (abstract interpretation)

o STE: LFPAHMEARSTE FEFEAR. path meet/joinfE &)HIR/N\FH
BT, MRNFHACERET NSRS BNEH (BH) MR, BRHAE

=B siAEperfect solution?

o ANARDIEM—MRTHER, ENETENEBIEFITHN, MURIKAIEER
2o BINMBIRRAR A IEMVTER, ABATA1SEIRILFPRI DT R E NS

o BAERANRNRASIZMIKRNE?
* MR EARAM R XIRARNIEL
- Bil= ZERHH







